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Abstract. The purpose of this paper is to investigate some properties of 
several g-Bernstein type polynomials to express the bosonic p-adic g-integral 
of those polynomials on Z p . 

1. INTRODUCTION 

Let p be a fixed prime number. Throughout this paper, Z p , Q p and C p will 
denote the ring of p-adic integers, the field of p-adic numbers and the field of p-adic 
completion of the algebraic closure of Q p , respectively. Let N be the set of natural 
numbers and Z + = NU {0}. Let v p be the normalized exponential valuation of C p 
with \p\ p = p~ y p(p) = i. Let q be regarded as either a complex number q G C or 
a p-adic number q G C p . If q G C, then we always assume \q\ < 1. If q G C p , we 
usually assume that |1 — q\ p < 1. In this paper we use the notation of g-number as 

r i r i 1 - qX 

[x]g = [x : q] = -j— -. 

Let UD(1 p ) be the set of uniformly differentiable functions on Z p . For / G UD(Z p ), 
the bosonic p-adic g-integral on Z p is defined by 

P N -i 

W) = / f(xW q (x) = Jim j^- ]T /(s)(«) a , (see [2-5]). (1) 
Jz P N ^°° LP J 9 ^ 



/V = l, and «(g/9 + !)*-&,, = <{ J' (2) 



In [2], the Carlitz's g-Bernoulli numbers are inductively defined by 

1, if fc = 1 
v 0, if k > 1 

with the usual convention of replacing /3 l by 

The Carlitz's g-Bernoulli polynomials are also defined by 

/3 7hq (x) = {q x f} + [x] q ) k = ]T '/" •',, •'• ; '• (3) 

i=0 ^ ' 

In [2], Kim proved that the Carlitz ^-Bernoulli numbers and polynomials are 
represented by p-adic q- integral as follows: for n G Z + , 



Pn, q = / [x]*dfi g (x), and p n , q {x) = j [x + y]*dfi q (y). (4) 
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The Kim's g-Bernstein polynomials are defined by 

B k , n (x,q) = (^e [1-8]), (5) 

where n,k G Z+, and x G [0, 1]. 

Let / be continuous functions on [0, 1]. Then the linear Kim's g-Bernstein oper- 
ator of order n for / arc defined by 

Bn,,(/ | «). (see [5]). 

In this paper, we consider the p-adic analog of the extended Kim's q-Bcrnstein 
polynomials on Z p and investigate some properties of several extended Kim's q- 
Bernstein polynomials to express the bosonic p-adic g-integral of those polynomials. 

2. Extended <?-Bernstein Polynomials 

In this section we assume that ggl with < q < 1. Let C[0, 1] be the set of 
continuous function on [0, 1]. 

For / G C[0, 1], we consider the extended Kim's q-Bernstein operator of order n 
as follows: 



%l,q{f \X!,X 2 



k=a \ / \ / 



(6) 

^ / k\ 
= /2f { n ) Bk > n ( Xl > X2 I q ^ 

For n,k G Z + , and Xi,X2 G [0,1], the extended Kim's q-Bernstein polynomials of 
degree n are defined by 

n ' r 'fen ™ 



B fe ,„( a; i,a ;2 U)=y[ a;i ] g fc [l-a ;2 ]^. (7) 

In the special case xi = x 2 = ar, then Bk lH (xi,X2 \ q) = Bk. n (x, q). 

From (6) and (7) we can derive the generating function for Bk in (x\,X2 | q) as 
follows: 



(8) 



where k G Z + and xi,x 2 G [0, 1]. 
By (8), we get 



k\n\ 

n=0 



= ^2 B ktn (x 1 ,X 2 | <?)^y- 
n— k 

Thus, we have 

'[l-a*]^, ifn>fc 



Bh !n (x 1 ,x 2 | g) = 

for n, k G Z + . 



0, if n < fc, 



(j-BERNOULLI NUMBERS AND g-BERNSTEIN POLYNOMIALS 



3 



It is easy to check that 

B„-k,n(l - x 2 , 1 - xi | q^ 1 ) = B kin (xi,x 2 | q). (10) 
For < k < n, we have 

[1 - x 2 ] q -iB k , n - 1 (xi,x 2 | q) + [x 1 ] q B k ^ 1 , n - 1 (x 1 ,x 2 | q) 



n — W, ,j. rj „ u _i , , /n — 1 



(11) 



= (fy[xi] k q [l-x 2 } n q I 1 k = B ktn (x u x 2 \q). 

Therefore, we obtain the following theorem. 

Theorem 1. For x\,x 2 G [0, 1] and n,k G Z + , we have 

[1 - x 2 ] q -iB kin (x 1 ,x 2 | q) + [xi] q B k _ hn (x 1 ,x 2 I q) = B k , n+ i(x 1 ,x 2 I q). 



The partial derivative of B kiTl (xi,x 2 \ q) are also g-polynomials of degree n — 1: 

d log q 

■g^Bk, n (x 1 ,x 2 I <7) = ^— y(7 ;l;i n J B fe _i ! „_i(a;i,X2 | g), 

and 

d log g 

o — B k .„(xi,x 2 | q) = q X2 nB kn _ 1 (x 1 ,x 2 \ q). 

dx 2 1 - q 

Therefore, we obtain the following lemma. 

Lemma 2. For k G Z + and n G N, X\,X2 G [0, 1], we have 

(9 log q 

-g^B ktTl (x 1 ,x 2 I qr) = — n{(?-l) [a;i] g Bfc-i,„-i (n , a; 2 | q)+B k -i, n -i(x 1 ,X2 \ q)}, 

and 

log q 

g^B k , n (xi,X2 | q) = ^^{(9 - l)[x2\ q B k ,n-l(xi,X 2 \ q) + B k , n _ 1 (x 1 ,X 2 \ q)} ■ 

For /= 1, by (6), we have 

n n / \ 

B„,,(l | zi.za) = 5>m(*i>*2 I ^Eu Kt 1 "^ , 10 x 
fe=o fe=o w (I 2 ) 

= (1 + [Si], - [X2] q ) n . 

By (12), we see that 

1 



(1 + [an], - [^l,) 1 
For /(f) = t, by (6), we get 



| Xl,X 2 ) = 1. 



n, q (t\xuX2) = f2(l) N"[l-^]^(^ 

= N«E( n fc 1 ) N " [1_a;2] ^ 



fc=0 

where n G N and £1,2:2 G [0, 1]. 
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Thus, we have 

For f(t) = t 2 , by (6), we have 

B„, 9 (t 2 | X!,X 2 ) 

= + [ Xl ] q [x 2 y- 2 + M(i + [^i, - [xa],)"- 1 . 

In the special case, xi = x 2 — x, 

n - 1 , l2 fx 
n * n 

From (13), we note that 

lim B n , g (t 2 | a;, a;) = [x] 2 q . 



n ^t 2 \ XuX2 )='±-± [x ] q + ^. (13) 



By (6), we see that 

B„, g (/ | xi,x 2 ) = 2_]/ ( - j B k , n (x 1 ,x 2 | g) 
fc=0 ^™ 7 



n — fc / 

k\ (n\. ,u v t n — k 



k 

k=0 x '" 7 v 7 j=0 



n \ 7 fc— n ^ 7 \ 



fc\ /[xi]< 



i=0 v 7 fe=0 

From the definition of Bk in (x\,x 2 \ q), we have 

- — -Bk,n(x!,X2 I q) + ^-^-B k+l . n {x u x 2 | g) 
n n 

(re - 1)! fc fc (n - 1)! ifc+iH _ in-fc-1 , , 

" fc!(n - k 1)! [1 ~ + fc!(re - k - 1)! [1 " ^ ( 14 ) 

= ([a;i] g + [1 - a; 2 ] g -i)S fei „_i(a;i,a;2 | q) 
= {[x\] q + 1 - [a; 2 ] 9 )-Bfe,„-i(a;i,a; 2 | q), 

where n e N and fc G Z + , x\, x 2 £ [0, 1]. 
By the binomials theorem, we get 

s^,«i,)=(g)'gQ (;)(-D'-*«. 

It is possible to write [xi) q as a linear combination of (xi , x 2 \ q) by using 
the degree evaluation formulae and mathematical induction: 

1 " ( k ) 

(i + ^-H^S^'"^ 1 '" 2 1 9) = [xi]q - 

By the same method, we get 

1 ™ ( fe ) 

{1 + [xi]q - [x2]q) n-^f ) B ^(xuX 2 | ff ) = [xr] 2 . 

Continuing this process, we obtain the following theorem. 
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Theorem 3. For j G Z + and x\,x 2 £ [0, 1], we have 



From Theorem 3, we have 

g f ^«- - 1 " - £' B ft)"* 

where [fc] 9 ! = [k] q [k — l] q ■ ■ ■ [2] q [l] q and S q (k,j — k) is the g-Stirling numbers of the 
second kind. 

3. ^-Bernstein Polynomials associated with the bosonic p-adic 

q- INTEGRAL ON Z p . 

In this section we assume that q £ C p with |1 — q\ p < 1. For n £ Z + , by (1), we 
get 

/ [l-x + x 1 ]^ 1 d f i q - 1 (x 1 ) = (-l) n q n [ [x + Xl ] n q d N { Xl ). (15) 

From (4) and (15), we have 

ni ,-i = (-l) n g n n , g (a;) for n £ Z+. (16) 

By (2), (3) and (16), we get 

g 2 /3„, g (2) - (n + 1)<? 2 + q = q(qP + 1)" - if n > 1. 
Thus, we have 

/3„, (? (2) = (n+l)-i + l/3 n , 9 . (17) 
By simple calculation, we see that 

/ [1 - x^d^x) = (-l)"g"/3 n , g (-l) = /3 n , 9 - 1 (2). 

From (15), (16) and (17), we can derive the following equation (18). 

f {l-x}^ 1 d N (x)=q 2 P n , q -i+(n + l)-qtfn>l. (18) 
Jz p 

Taking double bosonic p-adic g-integral on Z p , by (18), we set 
B kin (xi,x 2 | q)dn q (x 1 )dn q (x 2 ) 

[xi\ n q d^ q ( Xl ) / [l-x 2 };i 1 k d N (x 2 ). 
Jz p 

Thus, we obtain the following theorem. 

Theorem 4. For x\,x 2 £ [0, 1] and n,k £ Z + , we have 

/ / B ktn (x 1 ,x 2 | q)d(j, q (xi)d(j, q (x 2 ) 
Jz, p Jz p 



p " ^p 



(19) 



= < 



' Q)/3 fc ,,(g 2 /3 n _ fc ,,-i + (n-fc + l)-«), if n > k + 1 
0, if n < k 

0h, q , if n = k 
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From the g-symmetric properties(see Eq. (10)) of the g-Bernstein polynomials, 
we have 

/ / B ktn (x 1 ,X2\q)dfi q (x 1 )dfj,g(x2) 
Jz p Ji p 

k 

= E (*) (-!) fe+ ' / / 1 ^-u^x^m 

= [l-x 2 ] n q Z k d^ q {x 2 ){l-k [1 - x^g-idfiqix!) 

•J %ri J 1jt> 



(20) 



+e(?)(- i )' £+ 7 

For n, k G Z+, by (20), we get 

/ / Bfc, n (a;i,a;2 | q)djj, q (x 1 )dn q (x 2 ) 
Jz p Jz p 

= 1^- Xl} n q -r k dH q (X2){(l - k -^) (21) 

+ E ("^VAt-i,,- + A; - / + 1 - <?)}• 



(=0 



By (19) and (21), we obtain the following theorem. 
Theorem 5. For n, k G Z + , we have 



ti\ „ , k „ ^— 2 / fc 



- (1 - fc - |^) + E (Jc-i^V/w* + fc - i + 1 - «)• 

Let to, n, fc e Z + . Then we have 

/ / B k<n {x l ,X2 | q)B k , m (x ll x 2 | q)d^ q (x 1 )dfi q (x 2 ) 
Ji p Jz p 

= Q (7) / [xir q k d N ( X1 ) [i - ^]; j + m - 2fe ^(^) (22) 

By the g-symmetric properties of g-Bernstein polynomials, we get 
/ / B kjn (xi,X2 | q)B k>m (x 1 ,x 2 | q)dfi q (x 1 )dfi q (x 2 ) 

= E(' fc )(-i) 2fe+ 7 z [i-*i]?r'^(*i) / [i-x2}pr- 2k d» q (x 2 ) 

= [ [l-x 2 ] n + m - 2k dfi q (x 2 ){l-2k f [1-x^-idfigix!) 
Ji p Jz p 



(23) 
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By (22) and (23), we obtain the following theorem. 



Theorem 6. For m,n,k G Z + , we have 

8 k , q = 1 - 2k §- + £ ( 2 f) (-l) 2fc+ Vft fc -J,,- + 2fc - I + 1 - q). 



kj\kj™' q [2], 



Let m, 7i2, . . . ,n s ,k G Z + , and s G N. Then 

*/Z p «^Z p 

= (il ( fc)) / z [^i]f ^(^i) / z [1 - X2] n q ^t- +n °- sk d N (x 2 ) (24) 

By the binomial theorem, we get 
/ / Y[ B k,ni{xi,x 2 \ q)d^i q (x 1 )d^ q (x 2 ) 

J% v JILp i~\ 

= E (f ) M) 8 ^ / I 1 - ^if-i / [1 - ^+- + --^(x 2 ). 

(25) 

From (24) and (25), we note that 



sfe-2 



= 1 - sk J z [l-^-^^O+E ( a *)(- 1 )" fc+ 'j[ I 1 - zil'-T'd/^si). 

(26) 

By (26), we obtain the following theorem. 

Theorem 7. Let s G N, ni , n 2 , . . . , n s , fc G Z + . Then we have 

( fc ) ) = 1 - sfc - + E (f ) (- (9 s +**-« + !-«). 
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